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Abstract
We present and analyze simple distributed contention resolution protocols for wireless networks. In
our setting, one is given n pairs of senders and receivers located in a metric space. Each sender wants
to transmit a signal to its receiver at a prespecified power level, e. g., all senders use the same, uniform
power level as it is typically implemented in practice. Our analysis is based on the physical model
in which the success of a transmission depends on the Signal-to-Interference-plus-Noise-Ratio (SINR).
The objective is to minimize the number of time slots until all signals are successfully transmitted.
Our main technical contribution is the introduction of a measure called maximum average affectance
enabling us to analyze random contention-resolution algorithms in which each packet is transmitted
in each step with a fixed probability depending on the maximum average affectance. We prove that
the schedule generated this way is only an O(log2 n) factor longer than the optimal one, provided that
the prespecified power levels satisfy natural monontonicity properties. By modifying the algorithm,
senders need not to know the maximum average affectance in advance but only static information
about the network. In addition, we extend our approach to multi-hop communication achieving the
same appoximation factor.
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Introduction

In a wireless network, communication carried out at the same time is not physically separated. Therefore
transmissions may collide due to too much interference. The Media Access Control (MAC) layer’s task
is to coordinate the communication such that simultaneous transmissions do not interfere but that the
medium is sufficiently used to allow for optimal throughput. In this paper, we present and analyze
distributed contention-resolutions protocols for this scheduling task giving worst-case guarantees.
The interference constraints are modelled by the physical interference model [12]. Between any two
nodes of the network u and v a distance d(u, v) is defined. The received signal strength decreases when
this distance is increasing. More formally, if node u transmits a signal at power level p then it is received
by v with strength p/d(u,v)α , where the constant α > 0 is the so-called path-loss exponent 1 . The node v
can successfully decode this signal if the signal strength received from the intended sender is at least β
times as large as the signals strengths by interfering transmissions made at the same time plus ambient
noise. This is, the Signal-to-Interference-plus-Noise Ratio (SINR) is above some threshold β ≥ 0, the
so-called gain.
In the interference scheduling problem, we are given a set of n requests R ⊆ V × V , corresponding to
pairs of nodes from a metric space. For each request ` ∈ R, we have to select a power level p(`) > 0 and
a time slot c(`) ∈ [k] := {1, . . . , k} such that for each ` = (u, v) ∈ R the SINR constraint


p(`)

≥
β


d(u, v)α


X

`0 =(u0 ,v 0 )∈R
c(`)=c(`0 )


p(`0 )

+
N


d(u0 , v)α

is fulfilled. The constant N ≥ 0 expresses ambient noise that all transmissions have to cope with. The
objective is to minimize the number of time slots k.
So, in fact, two choices are made: For each request `, we have to select a power level p(`) and a time
slot in which the transmission should take place (to make the distinction clear the latter problem is also
referred to as coloring). In this work, we focus on the coloring problem and assume the power assignment
to be given such that all senders know a priori at which power to transmit. For example, powers might
be given by hardware or depend on the distance between the sender and the receiver as described below.
Our objective is to calculate a schedule whose length is close to the length of the optimal schedule
in the same instance. This measure was introduced by Moscibroda et al. as scheduling complexity T (R)
[18]. As we concentrate on the coloring problem, we compare lengths of the schedules we compute to the
optimal schedule length for R that uses some fixed power assignment p, denoted by T (R, p).
In order to have an algorithm that is applicable in a realistic environment it has to work in a distributed
fashion with as little information as possible. In fact, our algorithms only require static information on
the network that can be spread at the time of deployment. Particularly, the number of network nodes,
the clock synchronization and the power assignment can be seen as such static information. In contrast,
no information about the current state of the network will be necessary. For example, communication
requests arise after the deployment and an algorithm has to work without knowledge on which requests
have to be served by the network and which of them were already successfully served.
In related work several schemes for assigning the powers have been used. The simplest way is to make
all transmissions at the same power level, e. g., the maximum power supported by the hardware. These
power assignments are called uniform [14, 3].
A more complex solution that still facilitates a distributed implementation at least in theory is to
make the power only dependent of the distance between the respective sender and receiver (and therefore
1

Typically it is assumed that 2 < α < 5. However, our analysis works for any α > 0.
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independent of the other nodes). In linear power assignments [10] the power for a transmission between a
sender and a receiver whose distance is d is chosen proportional to dα and thus proportional to the minimum transmission power needed to deal with ambient noise. Square-root
(or mean) power assignments
√
α
[9, 13] choose the transmission power for distance d proportional to d . So the transmission power still
grows for increasing distances but not as fast as in a linear power assignment.
For each of the power schemes mentioned above, there are specialized algorithms and several bounds on
how fixing to this scheme influences the optimal schedule length. Most of these algorithms are centralized;
so far, distributed algorithms with a provable performance guarantee are only known for linear power
assignments [10] (cf. Section 1.2). Furthermore, most existing transceivers support only a relatively small,
fixed number of possible power levels so that a practical implementation of both linear and square-root
power assignments remain a challenge. As a consequence it is necessary to have more general algorithms
which do not only work for a certain power scheme.
Our algorithms solve these issues as they work in a distributed fashion and take the power assignment
as input. They do not require a certain power scheme but work for every power assignment satisfying
the following natural conditions. First, it has to be non-decreasing and sublinear or linear. That means
if d(`) ≤ d(`0 ) for two requests `, `0 ∈ R then
p(`) ≤ p(`0 )

p(`)
p(`0 )
≥
.
d(`)α
d(`0 )α

and

(1)

So the transmission power of `0 has to be at least as large as the one for `. At the same time, the received
power at the receiver of `0 must not be larger than the one at the receiver of `. This monotonicity
condition is very natural and is fulfilled by all previously studied power assignments, particularly the
ones mentioned above.
The second condition is that powers are chosen sufficiently large so that ambient noise plays a minor
part compared to interference. In particular, we assume the power received at any receiver is at least
some constant factor higher than the minimum power that is needed to deal with noise (βN ). To simplify
notation, we assume this constant factor to be 2. So for all requests ` ∈ R
p(`)
≥ 2βN .
d(`)α

(2)

This ensures that we actually deal with conflicts due to too large interference and not due to too weak
transmission power. Previous approaches also used this assumption but stated it rather implicitly. Indeed
it may be violated by uniform and square-root power assignments when considering too large distances.
But in this case the problem consists of rather dealing with noise than with interference.

1.1

Our Contribution

We introduce a new measure called maximum average affectance Ā(R, p) that depends on the request set
R and the power assignment p. This measure extends a so-called measure of interference for linear power
assignments [10] in a non-trivial way towards general power assignments satisfying Conditions 1 and 2.
It is the key for analyzing the performance of simple contention resolution protocols in wireless networks
with prespecified power assignments and comparing it to the optimum that could be achieved.
For two requests ` = (u, v) and `0 = (u0 , v 0 ), and a power assignment p, we define the affectance of `
on `0 by
(
,
)
0)
p(`
p(`)
ap (`, `0 ) = min 1, β
− βN
.
d(u, v 0 )α
d(u0 , v 0 )α
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The notion of affectance was introduced by Halldórsson and Wattenhofer [14], which we extended to
arbitrary power assignments and bounded by 1. When taking the noise out of consideration, it indicates
which amount of interference ` induces at `0 , normalized by the signal strength from the intended sender
of `. As a consequence the sum of affectance is at most 1 for a request set that may be assigned to same
time slot.
To get the maximum average affectance Ā(R, p), we take the maximum over all subsets of requests
and consider the average affectance a link is exposed to from all other requests in this subset.
Definition 1. The maximum average affectance of a request set R and a power assignment p is given by
Ā(R, p) = max avg

M ⊆R `0 ∈M

X

1 X X
ap (`, `0 ) .
M ⊆R |M | 0
` ∈M `∈M

ap (`, `0 ) = max

`∈M

If R and p are clear from the context, we simply write Ā. When replacing the average by the maximum
in this definition, we would get a measure that is closely related to the measure of interference in [10].
The maximum average affectance enables us to derive lower bounds on the scheduling complexity for
all power assignments satisfying Conditions 1 and 2. In particular, we prove Ā(R, p) is at most a factor
O(log n) larger than the optimal schedule length T (R, p). This way it enables us to compare schedules
we compute to the optimal schedule length T (R, p).
We use this measure to analyze random contention-resolution based algorithms. In this kind of
algorithms each sender transmits with a certain probability q in each step until one of the transmissions
has successfully been received. We first prove a stability result. If q ≤ 1/4Ā, all transmissions are successful
within O(log n/q) time slots whp2 . Thus choosing q = 1/4Ā, we generate a schedule of length O(Ā · log n)
whp, which is at most O(T (R, p) · log2 n).
To make the algorithm applicable to a distributed setting, we present two modifications. These do not
affect the schedule length vitally and we still get schedules of length O(Ā · log n) whp. On the one hand,
we extend it such that the network nodes do not have to know Ā anymore but adapt the transmission
probability q on their own. On the other hand, we find a way to inform each sender if a transmission has
successfully been received by transmitting acknowledgement packets. This is not a trivial task because
these acknowledgement packets may also interfere.
Altogether, this is the first distributed algorithm to the interference scheduling problem with a guaranteed approximation ratio. The algorithm is distributed in the following sense. It can be run on all
senders and receivers of a network such that during the execution no central entity is needed that spreads
information about the current state of the network, e. g. which requests have to be scheduled. The nodes
only need static information, namely the power assignment, a rough estimation on the total number of
nodes and a synchronized clock.
As a further result, we adapt the ideas to a distributed multi-hop algorithm that allows packets to use
intermediate relay nodes. For a fixed choice of paths and powers we get an O(log2 n) whp approximation
for this problem as well. For most of the other approaches to scheduling such an adaptation is not possible.
In particular, for uniform and square-root power assignments, no multi-hop scheduling algorithm with a
provable performance guarantee was known up to now.

1.2

Related Work

Scheduling in wireless networks has been subject to reseach for more than four decades up to now.
Right from the beginning random access protocols such as ALOHA [1] have been dealt with. Collision
avoidance in models featuring binary conflict constraints has been deeply studied over the years (see, e. g.
2
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[4, 6, 7]). However, in the physical interference model the interference constraints are not binary but take
all other network nodes into consideration in an additive way. Therefore, it brings about new problems
and challenges. Depending on the choice of powers interesting phenomena such as nested pairs [9] can be
observed. Furthermore, characterizing the optimal schedule length is much more involved.
The analysis of scheduling algorithms in the physical model that deals with arbitrarily (and not
randomly) distributed network nodes has been initiated by Moscibroda and Wattenhofer [17]. However,
they do not solve the interference scheduling problem but a similar one. Instead, they find and schedule
a set of pairs of senders and receivers such that all network nodes are strongly connected. They prove
scheduling these pairs is possible in O(log4 n) time steps (independent of the topology) with a certain
(sublinear) power assignment. This approach was extended to arbitrary requests sets [18]. However, the
lengths of the generated schedules were not compared to the optimal schedule length. In fact, they can
be a factor of Ω(n) away from the optimal one.
There has also been much work on algorithms with an approximation guarantee compared to the
optimal schedule length. Most of these algorithms are centralized.
Using uniform power assignments, Halldórsson and Wattenhofer [14] present an O(1) approximation
in the plane compared to uniform power assignment. This problem was proved to be NP-hard by Goussevskaia et al. [11]. Andrews and Dinitz [2] in contrast compare to the optimal power assignment and
present an O(log ∆ · log n) approximation in the plane. Here, ∆ is the ratio between the longest and the
shortest distance between a sender and its receiver. They also prove the joint problem of power control
and coloring to be NP-hard. Avin et al. [3] additionally show that the optimal schedule can at most be
a factor O(log Pmax ) shorter if the ratio between the maximum and the minimum power used is Pmax .
With special regard to linear power assignments, Fanghänel et al. [10] introduced a measure of
interference I as a bound on the optimal schedule length. It holds I = O(log ∆ · log n · T (R)) in general
and I = O(T (R, p)) if p is a linear power assignment. This bound is complemented by an algorithm
using O(I + log2 n) time slots which results in an O(1) approximation in linear power assignments for
sufficiently dense instances.
Chafekar et al. [5] also use linear power assignments to get an O(log2 ∆ log2 Γ log n) approximation
for the joint multi-hop scheduling and routing problem, where Γ is the maximum and the minimum transmission power used by the optimum. This result was improved by Fanghänel et al. [10] to O(log ∆ log2 n).
So far, these were the only algorithms for the multi-hop problem with a performance guarantee.
Square-root power assignments were introduced by Fanghänel et al. [9]. They proved that in the
bidirectional model (featuring undirected requests) it yields schedules that are O(log3.5+α n) times as
long as the ones using the optimal power assignment. Halldórsson [13] improved this result to O(log n)
in fading metrics. He also showed that in the unidirectional model (as presented above) the resulting
schedule is at most O(log log ∆ · log2 n) away from the one using the optimal power assignment.
All of the mentioned approximation guarantees depend on ∆ and indeed there are instances [13] with
large ∆ where the algorithm only computes a (trivial) Ω(n) approximation. Only very recently [15] an
approach has been presented that achieves approximation guarantees poly-logarithmic in n. Nevertheless,
optimizing transmission powers in a de-centralized way still remains a challenge. So distance-based power
assignments seem to be a reasonable way for distributed environments at least in theory.

2

Distributed Single-Hop Scheduling Algorithms

Random contention-resolution algorithms are probably the most intuitive way to share limited resources
among several agents in a distributed fashion. The idea is that each agent accesses the resource in any
time slot with a certain probability q until its first success. In case of a collision, none of the involved
agents is successful in this round.
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This idea is easily applicable in wireless networks by letting each sender transmit its packet in each
time slot with probability q until the first success. Due to its simplicity, this and similar approaches are
also relevant for practical applications. However, if the transmission probability q is chosen too small,
time slots are not sufficiently used. In contrast, if it is chosen too large, conflicts are likely.
In this section, we present an analysis of a random contention-resolution algorithm for the interference
scheduling problem. This analysis is based on the maximum average affectance Ā. We start by analyzing
a single time slot in which some senders transmit with probability q while the others remain silent. We
prove that if q is chosen small enough, a q/4 fraction of the senders taking part succeed.
Lemma 1. Given a request set R0 ⊆ R. Consider a time slot in which each sender of the requests in
R0 transmits with probability q ≤ 1/4Ā, the others remain silent. Then at least q/4 · |R0 | transmissions are
successful in expectation.
Proof. For ` ∈ R0 , let X` be the 0/1 random variable indicating if ` transmits, and X`0 be the 0/1 random
variable indicating if the transmission is successful.
Note that to have X`0 = 1, i. e. to make transmission ` successful, it suffices to have
X` = 1

X

and

ap (`0 , `)X`0 < 1 .

`0 ∈R0

By Markov inequality, we have




X
X
X
 0

Pr X` = 0 | X` = 1 ≤ Pr 
ap (`0 , `)X`0 ≥ 1 ≤ E 
ap (`0 , `)X`0  =
ap (`0 , `)q .
`0 ∈R0

Let
M :=

`0 ∈R0




` ∈ R0 |

1
2

ap (`0 , `) ≤ 2Ā

`0 ∈R0



By definition of Ā, we know that |M | ≥
For a request ` ∈ M , we have

X

`0 ∈R0




.



· |R0 |.
ap (`0 , `)q ≤ 2Āq ≤

X
`0 ∈R0

1
2

= 1] = Pr [X` = 1] · Pr [X`0 = 1 | X` = 1] ≥ q/2. In case ` 6∈ M , we
=
which implies that
simply use E [X`0 ] ≥ 0.
This yields the expected total number of successful transmissions is
E [X`0 ]

Pr [X`0



E


X

`∈R

X`0  =

X

E X`0 ≥




`∈R

q
q
· |M | ≥ · |R0 | .
2
4

We use this lemma to analyze Algorithm 1, which takes the transmission probability q as a parameter.
Each sender transmits its packet with probability q until the first success.
The measure Ā allows us to derive a relation between the transmission probability q and the time
until the last transmission has successfully taken place. This can be seen as a stability result for a fixed
value q. We find out a value such that if Ā is below it, collisions do not take place too often and all
packets are successfully delivered fast.
Theorem 2. If q ≤ 1/4Ā, Algorithm 1 needs O(log n/q) time slots whp.
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Algorithm 1: Scheduling using random contention resolution with transmission probability q.
while success 6= true do
transmit with probability q;

Proof. Let be nt the random variable indicating the number of requests that have not been successfully
scheduled in the time slots 1, . . . , t.
By Lemma 1, we have E [nt+1 | nt = k] ≥ k − 4q k and so


 ∞


q X
q
q
k = 1−
E [nt ] .
k · Pr [nt = k] = 1 −
E [nt+1 ] ≤
Pr [nt = k] · 1 −
4
4 k=0
4
k=0
∞
X



Using n0 = n, this yields
q
E [nt ] ≤ 1 −
4


t

n .

In particular, after 4c ln n/q time slots for each constant c, the expected number of remaining requests
is
h



i

E n4c ln n/q ≤ 1 −

q
4

4c ln n/q

 c ln n

n≤

1
e

n = n1−c .

The Markov inequality yields
h

i

h

i

h

i

Pr n4c ln n/q 6= 0 = Pr n4c ln n/q ≥ 1 ≤ E n4c ln n/q ≤ n1−c
So we need O(log n/q) time slots whp.
We achieve the best result when choosing q = 1/4Ā, which yields a schedule of length O(Ā · log n)
whp. In Section 4 we will see this yields an O(log2 n) approximation of the optimal schedule. However,
two major issues prevent this algorithm from being applied in distributed scenarios. On the one hand, a
suitable transmission probability has to be chosen, which requires knowing Ā. On the other hand, senders
have to know when to stop transmitting. This cannot be determined from the position of the sender node
but only from the receiver. Therefore, in a distributed setting, senders have to be informed someway. In
the next sections, we will present solutions to cope with these two problems.

2.1

Determining the Optimal Transmission Probability

One major drawback of Algorithm 1 is that it needs to get the transmission probability as a parameter,
which has to be chosen suitably to guarantee short schedules. If senders do not know the network or
the request this is not possible. We solve this problem by applying the idea of an exponential backoff as
follows. Algorithm 2 works the same way as Algorithm 1 but does not have the parameter q anymore.
Instead, it starts with a high transmission probability and reduces it if the transmission has not been
successful during a longer period. That causes eventually the transmission probability to be small enough
that no collisions occur.
Although the algorithm is much more complex, we get a guarantee that is not essentially worse than
the one for Algorithm 1.
Theorem 3. When all nodes apply Algorithm 2, scheduling takes O(Ā · log n) time slots whp.
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Algorithm 2: A Distributed Single-Hop Scheduling Algorithm
k := 0;
while success 6= true do
run Algorithm 1 for 8 ln n/q time slots with parameter q =
k := k + 1;

1
;
4·2k

Proof. We proved above that in the kth run of Algorithm 1 the probability that any of the (remaining)
requests is not successfully scheduled is at most 1/n if k ≥ dlog Āe. Ignoring all success made during the
first dlog Āe − 1 executions, we can conclude that the probability that there is some unsuccessful request
left after the first c + dlog Āe − 1 executions is at most 1/nc .
These executions include
c+dlog Āe−1

X

2k+5 · dln ne = O(2c · Ā · log n)

k=0

time slots. So, we can conclude that scheduling is completed after O(Ā · log n) time slots whp.

3

Sending Acknowledgements

Taking the model again into consideration, it only states feasibility of one-way communication. This
yields senders do not know if a transmission has successfully been received. Our solution to this problem
is to use acknowledgement packets to inform a sender that its transmission was successfully received by
the intended receiver. These acknowledgement packets also need one time slot to be transmitted. In
the final algorithm, they will be transmitted in even time slots, whereas the actual data packets are
transmitted in odd time slots.
We need to assign powers to the acknowledgement transmissions as well. For these transmissions, the
original senders act as receivers and vice versa. Using the same power as for the other transmission does
not work in general, because there are instances and power assignments in which the optimal schedule
length increases by Ω(n) when exchanging senders and receivers.

3.1

Dual Instances

For a request ` = (u, v), we define the dual request `∗ by (v, u). Analogously, for a request set R the dual
request set R∗ is defined by R∗ = {`∗ | ` ∈ R}. For a request set R and a power assignment p : R → R>0 ,
we define the dual power assignment p∗ : R∗ → R>0 by
p∗ (`∗ ) =

p(`0 )2 d(`)α
·
d(`0 )α p(`)

where `0 = arg max d(`) .
`∈R

Note that if p fulfills Conditions 1, then p∗ also does and (p∗ )∗ = p. Note that the `0 factor is only
necessary to ensure Condition 2 holds. It could also be chosen much larger. So when switching to a
subset of R, we do not have to use a different dual power assignment.
We can observe that in the dual power assignment p∗ the affectance of a dual request `∗ on another
dual request `0∗ is bounded by the affectance of `0 on ` in the power assignment p.
Observation 4. Given two requests `, `0 ∈ R and some power assignments p, we have ap∗ (`∗ , `0∗ ) ≤
2ap (`0 , `).
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Proof. Let be `∗1 = (v1 , u1 ), `∗2 = (v2 , u2 ). We have
(

p∗ (`∗1 )
= min 1, β
d(v1 , u2 )α

ap∗ (`∗1 , `∗2 )
Since

p(`)/d(`)α

,

p∗ (`∗2 )
−N
d(v2 , u2 )α

)

.

≥ 2βN for all ` ∈ R, this is at most
(

p∗ (`∗1 )
2 min 1, β
d(v1 , u2 )α

,

p∗ (`∗2 )
d(v2 , u2 )α

)

.

By definition of `∗1 , `∗2 , and p∗ this is equal to
(

d(u1 , v1 )α
2 min 1, β
p(`1 )d(v1 , u2 )α

,

1
p(`2 )

)

(

p(`2 )
= 2 min 1, β
d(u2 , v1 )α

,

p(`1 )
d(u1 , v1 )α

)

.

This is at most
(

p(`2 )
2 min 1, β
d(u2 , v1 )α

,

p(`1 )
−N
d(u1 , v1 )α

)

= 2ap (`2 , `1 ) .

This observation directly yields the maximum average affectance for a dual request set under the dual
power assignment differs by at most a factor of 2 from the original one.
Lemma 5. For all request sets R and power assignments p, we have Ā(R∗ , p∗ ) ≤ 2Ā(R, p).
Proof. Let be R0 ⊆ R. The above yields
X X
1
1 X X
∗ ∗
∗ (` , ` ) ≤ 2
a
ap (`1 , `2 ) ≤ 2Ā(R, p) .
p
1
2
|R0∗ | ` ∈R0∗ ` ∈R0∗
|R0 | ` ∈R0 ` ∈R0
1

2

1

2

This holds for all R0∗ , so we also have Ā(R∗ , p∗ ) ≤ 2Ā(R, p).
So, we found a power assignment for the dual request set whose maximum average affectance is not
much higher than the one for the original request set. Therefore it is suitable for the acknowledgement
transmissions. For the algorithm, we again assume that all transmission powers are a priori known to the
senders. This is, the receivers know the dual power assignment.

3.2

Scheduling Algorithm

In order to implement acknowledgement transmissions, we let each receiver transmit a packet back to its
sender immediately in the time slot after having received a packet. However, as these transmissions may
still interfere each other, each one is only transmitted with probability 1/8. Otherwise, no acknowledgement
is transmitted yielding a retransmission. Each sender only stops transmissions after having successfully
received an acknowledgement. Algorithm 3 extends Algorithm 1 by these ideas. We can still adapt the
approach of Algorithm 2 that assigns different values for the parameter q.
Theorem 6. If q ≤ 1/4Ā, Algorithm 3 needs O(log n/q) time slots whp.
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Algorithm 3: An extended algorithm implementing acknowledgements.
while success 6= true do
transmit with probability q (otherwise wait one time slot);
wait for acknowledgment (one time slot);
if acknowledgement has been received then
success := true;

Proof. Let us first consider a single iteration of the while loop. Let Rremain be the set of requests that have
not been successfully scheduled up to now. Let Rreceive be the set of requests for which the transmission
is successfully decoded at the receiver. Let Rsuccess in turn be the set of requests whose sender receives
an acknowledgement.
In Lemma 1 we proved that
q
E [|Rreceive |] ≥ · |Rremain | .
4
Furthermore, we know that Ā(Rreceive , p) ≤ 1 and so by Lemma 5 we have Ā(R∗receive , p∗ ) ≤ 2. All
receivers transmit their acknowledgment with probability 1/8, so we can apply Lemma 1 once more to get
E [|Rsuccess |] ≥

1
· |Rreceive | .
32

Let nt be the random variable indicating the number of requests that have not been successfully
scheduled until the tth iteration. We can conclude that
q 1
q
·
· E [nt ] = 1 −
E [nt ]
4 32
128


E [nt+1 ] ≤ E [nt ] −
and thus

1
E [nt ] ≤ 1 −
128




t

n .

The probability that not all requests are successful within 128 · c · dln ne/q iterations is
h

i

h

i



Pr n128c ln n/q ≥ 1 ≤ E n128c ln n/q ≤ 1 −

q
128

128c ln n/q

n≤

1
e2c ln n

n = n1−c .

Each iteration consists of 2 time slots. Altogether, we can conclude that we need O(log n/q) time slots
whp.
As we see, we only lose a constant factor in the schedule length when using the acknowledgement
packets as above. In order to adapt the approach of Algorithm 2, the only modification needed is that
for each possible value of q the algorithm has now to be run for 256 ln n/q steps. However, this also changes
the resulting schedule length by only a constant factor, still ensuring O(Ā · log n) whp.
In total, we get an algorithm that is fully distributed in the sense that nodes do not need any additional
information about the current state of the network. The only assumption we need is all nodes have to
know a rough estimation of the total number of requests n and which powers to use and they have a
synchronized clock.
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4

Comparison to the Optimal Schedule

To this point, we have presented several algorithms, each with a performance bound of O(Ā · log n) whp.
However, it still remains to show that Ā is not far from the optimal schedule length in order to compare
the performance of this algorithm to the optimal schedule. In contrast, for all similar measures this is
not guaranteed – they can differ by a factor of Ω(n) from the optimal schedule length. As a matter of
fact, this would also happen if we used the maximum instead of the average. In particular, we will prove
that Ā = O(T (R, p) · log n). This will prove that the schedules calculated by our algorithms are at most
a factor of O(log2 n) whp away from the optimal schedule.
As a first step towards this result, we consider a set of requests R that can be scheduled in a single
time slot. Informally spoken, we add a request ` that is shorter than all requests in R but does not have
to be scheduled in the same time slot as R. We derive a bound on how much affectance this request ` is
exposed to. This lemma can be seen as a generalization of Theorem 1 in [10].
Lemma 7. Given a set R of requests that may be scheduled in a single time slot using some power
assignment p fulfilling Conditions 1 and 2, and another request ` with d(`) ≤ d(`0 ) for all `0 ∈ R, then
we have
X
ap (`0 , `) = O(1) .
`0 ∈R

By decomposing the set R corresponding to the schedule this directly yields the following generalization where R may be scheduled in T time slots.
Lemma 8. Given a set R of links that may be scheduled in T slots using some power assignment p
fulfilling Conditions 1 and 2, and another request ` with d(`) ≤ d(`0 ) for all `0 ∈ R, then we have
X

ap (`0 , `) = O(T ) .

`0 ∈R

Proof of Lemma 7. Let be ` = (u, v) and R = {`1 , . . . , `n̄ } with `i = (ui , vi ).
To bound the sum, we distinguish between two kinds of summands. Let j be the index of the receivers
v1 ,. . . ,vn̄ that is closest to v, that is j ∈ arg mini∈[n̄] d(vi , v). We define a set U of indices of requests whose
senders ui lie within a distance of at most 21 d(vj , v) from v, i. e. U = {i ∈ [n̄] | d(ui , v) ≤ 21 d(vj , w)}.
Using the triangle inequality we can conclude for all i ∈ U :
3
d(ui , vj ) ≤ d(ui , v) + d(v, vj ) ≤ d(vj , w) .
2

(3)

In addition, we have
d(vj , v) ≤ d(vi , v)

since vj is the closest receiver

≤ d(vi , ui ) + d(ui , v)
1
≤ d(vi , ui ) + d(vj , w)
2

by triangle inequality
by definition of U .

This implies
d(vj , w) ≤ 2d(ui , vi ) .

(4)

Combining Equation 3 and Equation 4 we get d(ui , vj ) ≤ 3d(ui , vi ). We now consider the sender k that
uses the smallest transmission power among all senders in U . For k ∈ arg mini∈U pi we get
X
i∈U
i6=k

X
X
pi
pi
1
pk
≥
=
pi ≥ α
|U \ {k}| .
α
α
α
α
α
d(ui , vk )
3 d(uk , vk )
3 d(uk , vk ) i∈U
3 d(uk , vk )α
i∈U
i6=k

i6=k
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The transmission from uk to vk is also successful, which means the SINR constraint is fulfilled
X
pk
pi
1
≤
.
α
α
d(u
,
v
)
β
d(u
i k
k , vk )
i∈U
i6=k
α

In combination this yields |U | ≤ 3β + 1.
Let us now proceed to the summands that do not belong to U . For all i ∈ [n̄] \ U it holds that
d(ui , vj ) ≤ d(ui , w) + d(w, vj )

by triangle inequality

≤ d(ui , w) + 2d(ui , w)

by definition of U

= 3d(ui , w) .
Now, we take the sum of ap (`, `i ) for all i ∈ [n̄] \ U , i 6= j. Note that p(`)/d(u,v)α ≥ p(`i )/d(ui ,vi )α due to
Condition 1. Using the above calculations and the fact the SINR constraint is fulfilled, we get
p(`i )
β
ap (`i , `) ≤
α
d(u
i , v)
i∈[n̄]\U
i∈[n̄]\U
X

X

i6=j

i6=j

,

p(`)
−N
d(u, v)α



p(`i )
β 1
≤
α
d(u
i , vj )
i∈[n̄]\U 3α

,

X

p(`j )
d(uj , vj )α

i6=j
α

=3 β

X
i∈[n̄]\U
i6=j

p(`i )
d(ui , vj )α

,

p(`j )
≤ 3α .
d(uj , vj )α

Summing up all i ∈ [n̄] gives
X
i∈[n̄]

ap (`i , `) ≤ |U | +

X

ap (`i , `) + ap (`j , `) ≤

i∈[n̄]\U
i6=j

3α
+ 1 + 3α + 1 = O(1) .
β

For the same situation as above, we now bound the sum of affectance that ` causes at all requests in
R.
Lemma 9. Given a set R of links that may be scheduled in T time slots using power assignment p and
another link ` with d(`) ≤ d(`0 ) for all `0 ∈ R, then we have
X

ap (`, `0 ) = O(T · log n) .

`0 ∈R

Proof. To prove this lemma, we make use of the results on dual instances we presented in Section 3.1.
For the the dual instance R∗ and the dual power assignment p∗ we showed
X

ap (`, `0 ) ≤ 2

`0 ∈R

X

ap∗ (`0∗ , `∗ ) .

`0∗ ∈R∗

Furthermore p∗ fulfills Conditions 1 and 2. This allows us to apply Lemma 8 and get
X

ap∗ (`0∗ , `∗ ) = O(T (R∗ , p∗ )) .

`0∗ ∈R∗

So it only remains to show that T (R∗ , p∗ ) = O(T (R, p) · log n). Let R1 , . . . , RT be the decomposition
of R made by the schedule. We know that each of the sets Rt fulfills the SINR constraint using the power
assignment p. This implies that Ā(Rt , p) ≤ 1 for all t ∈ [T ].
By Lemma 5, we have Ā(R∗t , p∗ ) ≤ 2. Thus, using Algorithm 1 there is a schedule of length O(log n)
for each request set R∗t using power assignment p∗ . A concatenation of these schedules gives us a schedule
of length O(T · log n) for the entire set R∗ .
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The combination of both above lemmas allows us to compare Ā(R, p) to the optimal schedule length
T (R, p).
Theorem 10. Given a set R of links that may be scheduled in T time slots using some power assignment
p fulfilling Conditions 1 and 2. Then T = Ω(Ā(R,p)/log n).
Proof. We show that Ā(R, p) = O(T · log n). Let be R0 ⊆ R and R0 = {`1 , . . . , `n̄ } with d(`1 ) ≤ d(`2 ) ≤
. . . ≤ d(`n̄ ). Observe that in this notation Lemmas 8 and 9 yield
X

ap (`i , `j ) = O(T )

X

and

j∈[n̄]
j>i

ap (`j , `i ) = O(T · log n) .

j∈[n̄]
j>i

So we get
1 X X
1 X X
1 X X
ap (`, `0 ) =
ap (`i , `j ) =
ap (`i , `j ) + ap (`j , `i ) .
0
0
|R | `∈R0 `0 ∈R0
|R | i∈[n̄] j∈[n̄]
|R0 | i∈[n̄] j∈[n̄]
j>i

This yields the claim.
So, in total, this guarantees that the schedules calculated by our algorithms are at most a factor of
O(log2 n) longer than the optimal one that uses the same power assignment. Interestingly, this optimal
schedule is not required to use acknowledgement packets and therefore not be computable in a distributed
way.

5

Multi-Hop Scheduling

In the multi-hop variant of the interference scheduling problem, packets are routed via intermediate
networks nodes until reaching their final destination. As we do for the powers, we assume also the paths
to be fixed. This is, each packet has a predefined path, which is for example given by routing tables in
the network nodes.
The total number of packets is denoted by m, the maximum number of hops that a packet has to
cross is denoted by D (dilation). For the node that is the jth hop destination of the ith packet we write
Pi,j .
Our algorithm applies the technique of random delays that has successfully been applied to scheduling
in wired [16] and also in wireless [5, 10] networks. That is, time is divided into time frames such that each
packet attempts to cross one hop in each time frame after having waiting the initial delay at its origin
node.
However, in a distributed environment, determining the maximum delay is more involved as we assume
that all nodes only know static information on the network. They neither know which packets have to
be scheduled in general nor which is the future path some packet will take. Algorithm 4 deals with
this problem as follows. It works in phases. In phase k each packet is assigned a delay independently
uniformly at random that is at most 2k . The phase consists of O(2k log2 n) time slots that are grouped
to 2k+1 time frames each of length 212 · 18 · dln2 ne.
During each of these phases Algorithm 3 is executed, where in each step each node works as a receiver
if it does not decide to transmit in this step. In each time frame, each packet attempts to cross one hop.
If a packet fails to cross a hop in the respective time slot, it is not considered anymore during this phase
but deferred to the next one starting at the node where the failure occurred.
Theorem 11. If T is the optimal schedule length, Algorithm 4 results in a schedule length of O(T · log2 n)
whp.
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Proof. Let R = {(u, v) ∈ V × V | s = Pi,j , r = Pi+1,j for some i, j} be the set of all hops and C =
P
max`∈R `0 ∈R, d(`0 )≥d(`) ap (`, `0 ) + ap (`0 , `). We bound the probability that all packets are delivered to
their final destination in phase k where 2k ≥ C/9 log n + D. Note that this choice also ensures the phase
consists of enough time frames that even a packet of path length D and the maximum delay could reach
its final destination within this phase.
Let X`,`0 be a 0/1 random variable indicating if ` and `0 are allocated to the same time frame. By
definition E X`,`0 ≤ 9 ln n/C for all `, `0 ∈ R. Furthermore define for all ` ∈ R a random variable by
P
C` = `0 ∈R, d(`0 )≥d(`) (ap (`, `0 ) + ap (`0 , `)) X`,`0 . We have E [C` ] ≤ 9 ln n.
The random variables X`,`0 are negatively associated as defined by Dubhashi and Ranjan [8]. This
allows us to use a Chernoff bound to get Pr [C` ≥ 18 ln n] ≤ exp(−3 ln n) ≤ 1/n3 for all ` ∈ R. So, we get
Pr [∃` ∈ R : C` ≥ 18 ln n] ≤ 1/n2 . Furthermore, if all C` < 18 ln n then also Ā(Rt , p) ≤ 18 ln n for all t.
This is, with probability at least 1 − 1/n2 , the condition q ≤ 1/4Ā(Rt ,p) is satisfied for all t.
For Algorithm 3, we proved that the probability that some of the requests is not successfully scheduled
during 29 · dln ne/q time slots is at most 1/n3 . This is the failure probability for each time frame. Since
there are at most n time frames used, we get a total failure probability of at most 1/n2 if q ≤ 1/4Ā(Rt ,p)
for all t. We proved above the probability of the latter event not to happen is also 1/n2 . So all packets
reach their final destination during phase k with probability at least 1 − 1/n.
Observe that for this analysis any progress made in past phases only increases the probability of
success. So for all constants c the probability that not all packet reach their final destinations within the
first c + dlog (C/9 log n + D)e − 1 phases is at most 1/nc . These phases consist of O(2c (C log n + D log2 n))
time slots. In other words, we are finished after O(C log n + D log2 n) time slots whp.
It now remains to compare this schedule length to T . In Lemmas 8 and 9, we proved that C =
O(T · log n). Furthermore, we obviously have D ≤ T . Thus C log n + D log2 n = O(T · log2 n).

Algorithm 4: A Distributed Multi-Hop Scheduling Algorithm
for k = 1 to ∞ do
assign each waiting packet a delay δi ∈ [2k ];
for t = 1 to 2k+1 do
set Rt = {(Pi,j , Pi,j+1 ) | j = t + δi };
run Algorithm 3 with q = 1/72 · dln ne on Rt for 210 · dln ne/q time slots;
foreach transmission that fails during the execution do
δi := ∞;

6
6.1

Adaptation to Different Scenarios
Devices without Power Control

As uniform power assignments obviously fulfill Condition 1, and also Condition 2 if the power is large
enough, the basic scheduling results are immediately applicable even if the senders do not support transmitting at smaller power levels than the maximum. However, to transmit the acknowledgement packets
we used the dual power assignment p∗ , which is not uniform in general. So, in order to apply this
algorithm, devices have to be able to control their transmission power.
Nevertheless, if devices are not able of power control we can still use the key techniques. Suppose all
transmissions have to be made at the same power level, say p̂. If β > 1, we can prove the following result,
which is similar to Observation 4.
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Observation 12. If ` and `0 can be transmitted in the same time slot using power p̂ and β > 1, then
∗

0∗

ap̂ (` , ` ) ≤



β+1
β−1

α

· ap̂ (`, `0 ) .

Proof. Let ` = (u, v) and `0 = (u0 , v 0 ). The SINR constraint gives us
d(u0 , v 0 )α ≤

1
d(u, v 0 )α
β

and

d(u, v)α ≤

1
d(u0 , v)α .
β

The triangle inequality furthermore yields
d(u, v 0 ) ≤ d(u, v) + d(v, u0 ) + d(u0 , v 0 ) ≤

1
1
d(u0 , v) + d(u0 , v) + d(u, v 0 ) .
β
β

We can conclude that d(u0 , v) ≥ (β−1/β+1) · d(u, v 0 ).
For ap̂ (`∗ , `0∗ ), we get
.
p̂
p̂
+N
d(v, u0 )α
d(v 0 , u0 )α




.
β+1 α
p̂
p̂
≤ min 1, β
+N
β−1
d(u, v 0 )α
d(u0 , v 0 )α




.
β+1 α
p̂
p̂
≤
min 1, β
+
N
β−1
d(u, v 0 )α
d(u0 , v 0 )α
α

β+1
· ap̂ (`, `0 ) .
=
β−1




ap̂ (`∗ , `0∗ ) = min 1, β



This observation yields Ā(R∗ , p̂) = O(1) if R can be scheduled in a single time slot. So, we can
send the acknowledgements in a similar manner as in Algorithm 3 using again the transmission power
p̂ rather than the dual power assignment. These changes do not affect the core of the analysis but only
the constant factors involved. However, this result only holds for the case that all transmissions use the
same transmission power p̂.

6.2

Bidirectional Model

In the bidirectional model [9], requests are undirected because both involved nodes act as a sender and a
receiver at the same time. In order to estimate the interference between two requests ` and `0 the smallest
of the distances is relevant. For this model, we can replace the affectance definition by
(

p(`)
ap (`, ` ) = min 1, β
min{d(u, u0 )α , d(u, v 0 )α , d(v, u0 )α , d(v, v 0 )α }
0

,

p(`0 )
− βN
d(u0 , v 0 )α

)

.

With this definition, the above results can be transferred to the bidirectional model. Particularly, we get
distributed algorithms with an approximation factor of O(log2 n) whp.
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7

Discussion and Open Problems

While previous algorithms are mostly centralized, the algorithms and analyses we presented seem to
be much closer to realistic scenarios. However, we made use of three assumptions, namely the power
assignment is given, each node has a rough estimation of the total number of nodes and the clocks
are synchronized. These are suitable assumptions as this knowledge can be spread when deploying the
network. On the contrary, the information that arises over time, e. g. which transmissions have to be
made is not necessary.
Nevertheless, it is an interesting question which performance can still be achieved without this knowledge. Unfortunately, we cannot get rid of any of these assumptions in a non-trivial way. For example,
for the clock synchronization the standard ALOHA trick [19] does not work. However, concerning the
number of nodes and the clock synchronization there are various results in other scenarios that could
possibly be transferred.
For the power assignment problem the best solution for distributed settings up to now is to take
distance-based power schemes such as the square-root power assignment. With our algorithms this
yields an O(log log ∆ · log3 n) approximation compared to the optimal schedule using the optimal power
assignment. Very recently [15] an approach has been presented calculate a power assignment achieving
an approximation ratio that is independent of ∆. However this algorithm only works in a centralized
way. So there is still much space for future research in distributed protocols for these problems.
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